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Abstract
This paper presents a generalization of the Cooley-Tukey fast Fourier transform algorithm that respects group symmetries. The algorithm, when applied
to a function invariant under a group of symmetries, fully exploits these symmetries to reduce both the number of arithmetic operations and the amount
of memory used. The symmetries accommodated by the algorithm include
all of the crystallographic groups. These groups arise in crystallographic
structure analysis, which was the motivating application for the algorithm
presented in this paper.

0.1

Introduction

In this paper, it is shown that a generalization of the Cooley-Tukey Fast
Fourier Transform (FFT), presented by the authors in [1] can be modiﬁed to
take advantage of a wide class of symmetries in the data, including crystallographic group symmetries, to produce a fast (N log N) algorithm that fully
exploits these symmetries to reduce the computational cost. The algorithm
is derived by a divide and conquer procedure in the same spirit as the CooleyTukey Fast Fourier Transform (FFT) [2]. The symmetries are viewed as the
action of a group on a set of functions and the divide part of the “divide and
conquer” is shown to respect this action. The resulting algorithm therefore
respects the action of the group, and hence, is equivariant.
The motivating application for our work is crystallographic structure
analysis, where the Fourier transform is used to derive the structure of a
crystal from its x-ray diﬀraction pattern. The electron density function ρ(r)
in a crystal determines its diﬀraction pattern and conversly. The function
ρ(r) is a triply periodic function of the position vector r, and consequently
can be expanded in a Fourier series. The coeﬃcients of the Fourier series are
the structure factors and their magnitudes are determined from the x-ray
diﬀraction pattern. Since the structure factors are in general complex, the
determination of the structure of a crystal is equivalent to ﬁnding the phases
of the structure factors: the phase problem of x-ray crystallography. Hauptman [3], discusses the phase problem and shows that, due to the atomicity of
crystal structures and the redundancy of observed magnitudes, the problem
is, in principle, solvable. In practice, this means that for small structures the
phase problem is directly solvable. However, for larger structures indirect
methods are used. Indirect methods involve computing the Fourier transform and its inverse many times to calculate the structure factors from their
magnitudes.
The computational cost of these calculations is enormous and many efforts have been made to reduce this cost. Since crystals exhibit symmetry
leading to redundancy in the data from the diﬀraction pattern, it is natural
to try to exploit this redundancy to reduce the cost of computing the Fourier
transform. The symmetry of crystals are described by the crystallographic
groups. In three dimensions there are 230 possible crystallographic groups.
The introduction in the paper by Auslander and Shenefelt [4] contains a
discussion of crystallographic group.
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In his pioneering work on crystallographic fast Fourier transforms Ten Eyck [5]
showed how symmetries from some of the crystallographic groups could be
combined with the FFT to reduce the computational eﬀort. Ten Eyck stated
that his methods would not work for general crystallographic groups. Additional techniques and groups were investigated by Agarwal [6]. The papers
by Bantz and Zwick [7] and Brünger [8] show how to use the symmetries of
all of the crystallographic groups to reduce the amount of required memory.
In an eﬀort to save both arithmetic operations and memory use for general
crystallographic groups, Auslander and Shenfelt [4] suggested using the multiplicative algorithms of Rader [9] and Winograd [10]. This idea was further
investigated by Auslander, Johnson and Vulis [11], Bricogne and Tolimieri
[12], An, Cooley and Tolimieri [13] and An, Lu, Prince, and Tolimieri [14].
In this paper it is shown that the symmetries of all of the crystallographic
groups can be handled with a Cooley-Tukey type FFT. The key to this result
is the interpretation of the domain of the electron density function, after
ﬁnite sampling, as a ﬁnite Abelian group. As a function of a ﬁnite Abelian
group, the Cooley-Tukey FFT generalized to Abelian groups, can be applied.
Furthermore, the crystallographic symmetries of the electron density function
become aﬃne symmetries of the ﬁnite Abelian group.
In Section 0.2 the Fourier transform of an Abelian group with symmetries
is deﬁned. In Section 0.3 a generalization of the Cooley-Tukey FFT is presented, and in Section 0.4 this generalization is modiﬁed to work with group
symmetries.

0.2

Finite Fourier Transform and Group Symmetries

This section deﬁnes the Fourier transform of a ﬁnite Abelian group with
symmetries. Let A be a ﬁnite Abelian group, |A| denote the order of A, and
L2 (A) be the space of complex functions on A with inner product f · g =

1/|A| a∈A f (a)g(a). A character of A is a homomorphism from A into T,
the complex numbers of absolute value one. The set of characters, Â, form a
group called the dual group, with group operation (â1 + â2 )(a) = â1 (a)â2 (a).
The dual group of Â is naturally isomorphic to A, and since A is ﬁnite, Â is
also isomorphic to A.
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Let  ,  : A × Â → T be the bilinear pairing of A with its dual, deﬁned
by a, â = â(a). The Fourier transform of A is the linear mapping, F (A),
from L2 (A) to L2 (Â), which maps f to fˆ = F (A)f , where
fˆ(â) =



f (a)a, â, for â ∈ Â.

a∈A

In crystallographic structure analysis, the Fourier transform is applied
to functions symmetric under aﬃne operations of A, namely functions f (x)
such that f (θ(x) + a) = f (x), where θ ∈ Aut (A), the automorphism group
of A, and a ∈ A. However, the Fourier transform a function with aﬃne
symmetries introduces symmetries that may not be aﬃne.
Let S(a)f (x) = f (x + a), be the regular representation of A in L2 (A) and
let M be the unitary representation of Â in L2 (A) deﬁned by M(â)f (x) =
x, âf (x). Similarly S and M deﬁne representations of Â and A in L2 (Â).
A fundamental property of the Fourier transform is
F (A)S(a) = M(−a)F (A),
F (A)M(â) = S(â)F (A).
This implies that the Fourier transform maps translational symmetries to
multiplicative symmetries. Indeed, if f (x + a) = f (x) for x ∈ A, then
ˆ
−a, x̂f(x̂)
= fˆ(x̂) for x̂ ∈ Â, where fˆ = F (A)f , and if x, âf (x) = f (x)
ˆ
for x ∈ A then fˆ(x̂ + â) = f(x̂)
for x̂ ∈ Â.
The operators S and M do not commute; in fact, S(a)M(â) = a, âM(â)S(a).
The group generated by the operators S and M is isomorphic to the Heisenberg group of A, N(A) = A × Â × T with multiplication given by
(a1 , â1 , t1 )(a2 , â2 , t2 ) = (a1 + a2 , â1 + â2 , t1 t2 a1 , â2 ).
The Dirac representation of N on L2 (A) deﬁned by
D(a, â, t)f (x) = tx, âf (x + a),
is equal to the group of operators generated by S and M.
To incorporate crystallographic symmetries, the Heisenberg group must
be combined with Aut (A). The automorphism group of Â, Aut (Â), is isomorphic to Aut (A) by the following identiﬁcation θ(a), â = a, θ̂(â). The
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action of Aut (A) can be extended to N by θ(a, â, t) = (θ(a), θ̂−1 (â), t), and
the semi-direct product
H(A) = Aut (A)×N,
called the symmetry group of A, contains all of the necessary symmetries.
The Dirac representation, D, extends to a unitary representation of H(A)
on L2 (A), by deﬁning D(θ)f (x) = f (θ−1 (x)) and then
D(θ)−1 D(a, â, t)D(θ) = D(θ(a), θ̂−1 (â), t).
The isomorphism H(A) onto H(Â) deﬁned by g → ĝ where g = (θ, a, â, t)
and ĝ = (θ̂−1 , â, −a, t) is compatible with the Fourier transform F (A), namely,
F (A)D(g) = D(ĝ)F (A).
Let G be a subgroup of H(A) and Ĝ the corresponding isomorphic subgroup
of H(Â). Then the Fourier transform of A maps G-invariant functions onto Ĝinvariant functions. If L2G (A) denotes the subspace of G-invariant functions
and L2Ĝ (Â) denotes the subspace of Ĝ-invariant functions, then the restriction
of F (A) to G-invariant functions, FG (A), maps L2G (A) onto L2Ĝ (Â).

0.3

FFT Algorithm for Abelian Groups

This section presents a generalization of the Cooley-Tukey FFT algorithm
that applies to functions of ﬁnite Abelian groups. Let B < A be a subgroup
of A and C = A/B. The set of characters in Â which vanish on B, A(B) =
{â ∈ Â| b, â = 1, for b ∈ B}, form a subgroup of Â called the annihilator
of B. The subgroup A(B) is isomorphic to Ĉ and Â/A(B) is isomorphic to
B̂.
Let ξ : C → A and η̂ : B̂ → Â be a choices of coset representatives
for A/B and Â/A(B). A function f ∈ L2 (A) can be partitioned into |C|
section functions, fξ(c) ∈ L2 (B), where fξ(c) (b) = f (ξ(c) + b). The following
theorem, which is a generalization of the construction in the paper of Cooley
and Tukey [2], shows how to compute F (A) using |C| copies of F (B), |B|
copies of F (C) and |A| complex multiplications. The complex multiplications
depend on the choices of coset representatives ξ and η̂.
4

Theorem 0.3.1 Let f ∈ L2 (A) and fˆ = F (A)f . If B < A, C = A/B,
Ĉ = A(B), B̂ = Â/Ĉ, ξ : C → A be a choice of coset representatives for
A/B, and η̂ : B̂ → Â be a choice of coset representatives for Â/Ĉ, then
fˆ(â) =



⎛

c, ĉ ⎝ξ(c), η̂(b̂)

c∈C


b∈B

⎞

fξ(c) (b)b, b̂⎠ , for â ∈ Â,

where fξ(c) (b) = f (b + ξ(c)) and â = η̂(b̂) + ĉ, with b̂ ∈ B̂ and ĉ ∈ Ĉ.
This theorem is the basis for a divide and conquer algorithm for computing F (A), which is described in the meta-algorithm Generalized FFT. Parameters, such as A B, C, B̂, Ĉ, ξ, and η̂ that are intended to be supplied,
or computed, at compile-time are called meta-variables. These variables are
distinguished from variables such as f and fˆ that are supplied or computed
at run-time. An instance of the algorithm Generalized FFT is obtained when
the meta-variables are instantiated with particular groups, subgroups, quotient groups, and coset representatives. The resulting algorithm can then be
used to compute fˆ from the input parameter f .
Algorithm Generalized FFT
Compute F (A) using the generalized Cooley-Tukey FFT algorithm.
Inputs: f ∈ L2 (A).
Output: fˆ ∈ L2 (Â), fˆ = F (A)f .
Meta-Variables: A is a ﬁnite Abelian group. B < A, C = A/B and ξ : C → A
is a set of coset representatives. Ĉ = A(B), B̂ = Â/Ĉ, and η̂ : B̂ → Â is a
set of coset representatives.
1. Decomposition Phase
1a. Partition f into |C| section functions fξ(c) of B.
for c ∈ C
for b ∈ B
fξ(c) (b) = f (ξ(c) + b);
1b. Compute |C| F (B)’s, fˆξ(c) .
for c ∈ C
fˆξ(c) = F (B)fξ(c) ;
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2. Twiddle Factor Phase
Construct |B̂| Intermediate Functions hη̂(b̂) of C.
for b̂ ∈ B̂
for c ∈ C
hη̂(b̂) (c) = ξ(c), η̂(b̂)fˆξ(c) (b̂);
3. Synthesis Phase
3a. Compute |B̂| F (C)’s, ĥη̂(b̂) .
for b̂ ∈ B̂
ĥη̂(b̂) = F (C)hη̂(b̂) ;
3b. Recover fˆ from the |B̂| functions ĥη̂(b̂) of Ĉ.
for b̂ ∈ B̂
for ĉ ∈ Ĉ
fˆ(η̂(b̂) + ĉ) = ĥη̂(b̂) (ĉ);
The straight forward computation of F (A) as a matrix-vector product
requires O(|A|2) operations. Assume the Generalized FFT algorithm uses the
straight forward algorithm for all recursive calls. Then O(|C||B|2) operations
are needed in the ﬁrst phase, O(|B̂||C|) operations are needed in the second
phase, and O(|B̂||C|2) operations are needed in the third phase. Therefore,
using the fact that |B̂| = |B| and |A| = |B||C|, the total number of operations
is O(|A|(|B| + |C|)).

0.4

An Equivariant FFT Algorithm

Let f be a function of a ﬁnite Abelian group A that is invariant under the
action of a subgroup G of H(A), the symmetries of A. The results of Section 0.2 showed that the Fourier transform fˆ = F (A)f is invariant under the
action of Ĝ, the isomorphic image of G in H(Â). In this section the symmetries in G and Ĝ are used to reduce the amount of computation required
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by the FFT algorithm in Section 0.3. This is achieved by using the actions
of G and Ĝ to obtain many of the intermediate results, which ordinarily
would have been computed using recursive computation of smaller Fourier
transforms. At the end of this section the complexity of this equivariant algorithm is determined and compared with direct computation of the Fourier
transform taking advantage of symmetry and the FFT not taking advantage
of symmetry.
Several technical deﬁnitions are required to describe the algorithm in this
section. Let g = (θ, r, χ, t) ∈ G. The linear part of g, λ(g) = (θ, 0, 0, 1) and
the aﬃne part of g, α(g) = (θ, r, 0, 1). The linear part can be thought of
as an automorphism of A and the aﬃne part can be thought of as an aﬃne
transformation of A. The linear part of G, λ(G), is the set of the linear
parts of the elements of G. Similarly the aﬃne part of G, α(G), is the set
of the aﬃne parts of the elements of G. The linear and aﬃne parts of G are
subgroups of H(A). The linear parts of G and Ĝ are always isomorphic, but
the aﬃne parts need not be.
In order to use the group action of G on the intermediate computations in
the FFT algorithm, the subgroup B must be invariant under the linear part
of G. This implies that its annihilator, A(B), is invariant under Ĝ. Then
α(G) acts on C = A/B; for c = a + B, α(g)(c) = α(g)(a) + B. Similarly
α(Ĝ) acts on B̂ = Â/A(B).
Recall that the algorithm in Section 0.3 has three stages: (1) for a set
of coset representatives of A/B partition the function f into the |C| section
functions fξ(c) of B and compute the Fourier transforms fˆξ(c) = F (B)fξ(c) , (2)
form the |B̂| functions hη̂(b̂) of C by ﬁxing b̂ and multiplying by the “twiddle
factors”, and (3) compute the |B̂| Fourier transforms ĥη̂(b̂) = F (C)hη̂(b̂) .
The equivariant algorithm is based on two key observations:
1. If γ is the aﬃne part of g ∈ G, then fˆξ(γ(c)) can be obtained from
fˆξ(c) using a permutation and complex multiplications determined by
g. Therefore fˆξ(c) is computed only for c ∈ C/α(G), where α(G) is an
asymmetric unit of C under the action of α(G).
2. The function fξ(c) is invariant under the action of Gc , a subgroup of
H(B) obtained from G and depending on c. Therefore, a recursive call
of the equivariant algorithm can be used to compute FGc (B)fξ(c) .
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Using an analogous argument it is possible to show that similar savings occur
in stage (3) of the algorithm. In this stage, the group α(Ĝ) acts on B̂ =
Â/A(B) to reduce the number of recursive computations of F (C), and each
recursive computation uses an equivariant algorithm applied to functions
invariant under the action of Gb̂ , a subgroup of H(C) obtained from Ĝ and
depending on b̂.
The following theorems make these ideas more precise. The ﬁrst theorem
shows how to compute F (B)fγ(ξ(c)) from F (B)fξ(c) .
Theorem 0.4.1 Assume that G is a subgroup of H(A) and f is a G-invariant
function of A. If g = (θ, r, χ, ω) ∈ G and γ = α(g) the aﬃne part of g, then
fˆξ(γ(c)) (b̂) = ωθ(ξ(c)), χbγ , b̂fˆξ(c) (θ̂(b̂ − χ)), for b̂ ∈ B̂ and c ∈ C.
where bγ = ξ(γ(c)) − γ(ξ(c)).
The second theorem shows how to compute the symmetry group of the
section function fξ(c) . Let g = (θ, r, χ, ω) ∈ G and γ = α(g). Since α(G)
acts on C = A/B, there exists bγ ∈ B such that γ(ξ(c)) = ξ(c) + bγ . Deﬁne
gc = (θ, bγ , χ, ωθ(ξ(c)), χ) to be the induced symmetry of g with respect
to the section function fξ(c) . Since λ(G)(B) = B, bγ ∈ B, and χ restricted
to B is a character of B, gc ∈ H(B). The set of induced symmetries, Gc =
{gc | g ∈ G and α(g)(c) = c}, is called the section symmetries corresponding
to the section function fξ(c) .
Theorem 0.4.2 Assume that G is a subgroup of H(A) and f is a G-invariant
function of A. Let Gc be the section symmetries corresponding to the section function fξ(c) . Then for c ∈ C, Gc is a subgroup of H(B) and fξ(c) is a
Gc -invariant function of B.
The next two theorems are analogs of Theorems 0.4.1 and 0.4.2 which are
needed for stage (3) of the algorithm. The ﬁrst analog shows how to compute
F (C)hη̂(γ̂(b̂)) from F (C)hη̂(b̂) , where γ̂ = α(ĝ) for ĝ ∈ Ĝ. The result follows
from Theorem 0.3.1, which implies that F (C)hη̂(b̂) (ĉ) = F (A)f (η̂(b̂) + ĉ) and
the fact that fˆ = F (A)f is invariant under the action of Ĝ.
Theorem 0.4.3 Assume that G is a subgroup of H(A), f is a G-invariant
function of A, fˆ = F (A)f and Ĝ is the isomorphic image of G in H(Â). Let
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ĝ = (θ, χ, r, ω) ∈ Ĝ and γ̂ = α(ĝ) be the aﬃne part of ĝ. Then
ĥη̂(γ̂(b̂)) (ĉ − ĉγ ) = ωr, θ(η̂(b̂))r, ĉĥη̂(b̂) (θ−1 (ĉ)), for b̂ ∈ B̂ and ĉ ∈ Ĉ.
where ĉγ = η̂(γ̂(b̂)) − γ̂(η̂(b̂)).
The analog to Theorem 0.4.2 is proven using duality. The dual situation
arises when A is replaced by Â, G is replaced by Ĝ, B is replaced by A(B) =
Ĉ, C = A/B is replaced by B̂ = Â/Ĉ, ξ is replaced by η̂, and f is replaced
by fˆ = F (A)f . The symmetry group, Ĝb̂ of the section function fˆη̂(b̂) can be
computed using Theorem 0.4.2. Theorem 0.3.1 implies that F (C)hη̂(b̂) (ĉ) =
fˆ(η̂(b̂) + ĉ) = fˆη̂(b̂) (ĉ), and therefore the symmetry group of hη̂(b̂) is equal to
Gb̂ , where D(Gb̂ ) = F (C)−1 D(Ĝb̂)F (C).
Theorem 0.4.4 Assume that G is a subgroup of H(A), f is a G-invariant
function of A, fˆ = F (A)f and Ĝ is the isomorphic image of G in H(Â). For
b̂ ∈ B̂, let fˆη̂(b̂) be the section function of fˆ corresponding to η̂(b̂). Let Ĝb̂ be
the symmetry group of fˆη̂(b̂) computed by Theorem 0.4.2 and let hη̂(b̂) be the
function of C in algorithm FFT such that fˆ (ĉ) = F (C)h (ĉ). Then the
η̂(b̂)

η̂(b̂)
−1

symmetry group of hη̂(b̂) is equal to Gb̂ , where D(Gb̂ ) = F (C) D(Ĝb̂ )F (C).
Theorems 0.4.1–0.4.4 lead to the following equivariant version of the generalized Cooley-Tukey FFT algorithm presented in Section 0.3. Like the
algorithm FFT in Section 0.3, the algorithm Equivariant FFT, is a metaalgorithm. Additional meta-variables for the symmetry groups are required.
The run-time input to the instantiated algorithm is a function f ∈ L2G (A)
and the output is the function fˆ ∈ L2Ĝ (Â) is equal to FG (A)f . Instead, of
using all |A| values of f to represent the input, the input function is represented by the values f (a) for a in the asymmetric unit A/α(G). Similarly
the output function fˆ is represented by the values fˆ(â) for â in the asymmetric unit Â/α(Ĝ). The remaining values of the functions f and fˆ can be
computed using Theorems 0.4.1 and 0.4.3.
Algorithm Equivariant FFT
Compute FG (A) using an equivariant version of the generalized Cooley-Tukey
algorithm.
9

Inputs: f ∈ L2G (A). Only the values f (a) for a in the asymmetric unit
A/α(G) of A under the action of the aﬃne part of G are needed.
Output: fˆ ∈ L2Ĝ (Â), where D(Ĝ) = F (A)D(G)F (A)−1. fˆ = FG (A)f . Only
the values fˆ(â) for â in the asymmetric unit Â/α(Ĝ) of Â under the action
of the aﬃne part of Ĝ are returned.
Meta-Variables: A is a ﬁnite Abelian group. G < H(A). B < A such that
λ(G)(B) = B. C = A/B and ξ : C → A is a set of coset representatives.
Ĉ = A(B), B̂ = Â/Ĉ, and η̂ : B̂ → Â is a set of coset representatives.
Ĝ < H(Â) such that D(Ĝ) = F (A)D(G)F (A)−1 . Gc < H(B), Gb̂ < H(C),
Ĝb̂ < H(Ĉ). D(Ĝb̂ ) = F (C)D(Gb̂)F (C)−1 .
1. Decomposition Phase
1a. Partition f into |C/α(G)| section functions fξ(c) ∈ L2Gc (B).
for c ∈ C/α(G)
for b ∈ B/α(Gc )
fξ(c) (b) = f (ξ(c) + b);
1b. Compute |C/α(G)| FGc (B)’s, fˆξ(c) .
for c ∈ C/α(G)
fˆξ(c) = FGc (B)fξ(c) ;
2. Twiddle Factor Phase
Construct |B̂/α(Ĝ)| intermediate functions hη̂(b̂) ∈ L2G (C).
b̂

for b̂ ∈ B̂/α(Ĝ)
for c ∈ C/α(Gb̂)
hη̂(b̂) (c) = ξ(c), η̂(b̂)fˆξ(c) (b̂);
3. Synthesis Phase
3a. Compute |B̂/α(Ĝ)| FGb̂ (C)’s, ĥη̂(b̂) .
for b̂ ∈ B̂/α(Ĝ)
ĥη̂(b̂) = FGb̂ (C)hη̂(b̂) ;
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3b. Recover fˆ from the |B̂/α(Ĝ)| functions ĥη̂(b̂) ∈ L2Ĝ (Ĉ).
b̂

for b̂ ∈ B̂/α(Ĝ)
for ĉ ∈ Ĉ/α(Ĝb̂)
fˆ(η̂(b̂) + ĉ) = ĥ

η̂(b̂) (ĉ);

In addition to Theorems 0.4.1–0.4.4 several remarks are required to show
that the equivariant algorithm is correct. First note that the computations
of FGc (B) in step (1b) and the computations of FĜ (C) in step (3a) can be
b̂
computed either by deﬁnition or a recursive call to the equivariant algorithm.
The base case of the recursive algorithm, which has not been speciﬁed, must
be computed by deﬁnition. In step (1a) the function f is accessed at ξ(c) + b
for c ∈ C/α(G) and b ∈ B/α(Gc ) for each c. It is essential to observe that
the elements ξ(c) + b that are accessed are the points in A/α(G), and these
are exactly the points required in step (1b). Similarly, the points accessed in
step (3b) are those in Â/α(Ĝ), and these are exactly the points produced in
step (3a). Finally observe that the intermediate points accessed in step (2)
are exactly those needed for step (3a); however, it may be the case that some
of the values fˆξ(c) (b̂) needed in step (2) have not been computed in step (1b).
The points not computed in step (1b) needed in step (2) can be recovered
using Theorem 0.4.1. The extra multiplications implied by Theorem 0.4.1
can be combined with the twiddle factors already present in step (2).
For the complexity analysis of the equivariant algorithm, it is assumed
that the group of symmetries, G, of the input function f acts aﬃnely. This
means that G is isomorphic to α(G) and that Ĝ is isomorphic to α(Ĝ). The
consequence of this assumption that is used in the complexity analysis is
that the subspace of G-invariant functions of A is isomorphic to the functions deﬁned on the asymmetric unit A/α(G), and similarly the subspace
of Ĝ-invariant functions of Â is isomorphic to the functions deﬁned on the
asymmetric unit Â/α(Ĝ). The group G acts aﬃnely if G has no pure translational, character, or scalar symmetry. For the application to functions with
crystallographic symmetry this condition is always satisﬁed. For general G,
a reduction to the case where G acts aﬃnely is possible.
The assertion that the groups act aﬃnely is preserved in the recursive
calls in steps (1b) and (3a). That Gc is isomorphic to α(Gc ) follows from
the construction in Theorem 0.4.2 and the assumption that G acts aﬃnely.
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That Ĝc is isomorphic to α(Ĝc ) follows from D(Ĝc ) = F (C)D(Gc )F (C)−1
and the fact that Ĝ acts aﬃnely.
Since L2G (A) is isomorphic to L2 (A/α(G)) and L2Ĝ (Â) is isomorphic to
L2 (Â/α(Ĝ)), the dimension of L2G (A) is equal to |A/α(G)| and the dimension of L2Ĝ (Â) is equal to |Â/α(Ĝ)|. Furthermore, since in general L2G (A) is
isomorphic to L2Ĝ (Â), |A/α(G)| = |Â/α(Ĝ)|. Therefore, under the assumption that G acts aﬃnely, the algorithm which computes FG (A) by deﬁnition
as a linear transformation takes time proportional to |A/α(G)|2. Another
consequence is that |C/α(Gb̂ )| = |Ĉ/α(Ĝb̂)|, and the number of points accessed in step (2) of the algorithm is equal to |Â/α(Ĝ)| which is the same
number as in steps (1) and (3).
Assuming that G acts aﬃnely and the equivariant FFT algorithm uses
the straightforward algorithm to compute FGc (B) and FGb̂ (C) the following
complexity result is obtained.
Theorem 0.4.5 The number of operations required by the equivariant FFT
algorithm is proportional to


|B/α(Gc )|2 +

c∈C/α(G)



|C/α(Ĝ)b̂ |2

b̂∈B̂/α(Ĝ)

and is less than or equal to
|A/α(G)|( max (|B/α(Gc )|) + max (|C/α(Ĝb̂ )|)).
c∈C/α(G)

b̂∈B̂/α(Ĝ)

This means that the equivariant FFT reduces the size of the input function
to an asymmetric unit of the action of the group of symmetries on the sample
space and reduces the number of arithmetic operations to essentially the cost
of the FFT applied to a function on the asymmetric unit.
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